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Abstract. Lindelof spaces are studied in any basic Topology course. However, there 
are other interesting covering properties with similar behaviour, such as almost Lin- 
delof, weakly Lindelof, and quasi-Lindelof, that have been considered in various 
research papers. Here we present a comparison between the standard results on 
Lindelof spaces and analogous results for weakly and almost Lindelof spaces. Some 
theorems, similar to the published ones, will be proved. We also consider coun- 
terexamples, most of which have not been included in the standard Topological 
textbooks, that show the interrelations between those properties and various basic 
topological notions, such as separability, separation axioms, first countability, and 
others. Some new features of those examples will be noted in view of the present 
comparison. We also pose several open questions. 
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1 Historical Overview and Motivation 



One of the basic theorems in Real Analysis, the Heine-Borel Theorem, states (in modern 
terminology) that every closed interval on the real line is compact. Later it was discovered 
that a similar property holds in more general metric spaces: every closed and bounded 
subset turns out to be compact and conversely, every compact subset is closed and bounded. 
It turned out that compactness is in fact a covering property: the modern description of 
compactness via open covers emerged from the work of P. S. Alexandrov and P. S. Urysohn 
in their famous "Memoire sur les espaces topologiques compacts" |AU29j . Compact spaces 
in many ways resemble finite sets. For example, the fact that in Hausdorff topological spaces 
two different points can be separated by disjoint open sets easily generalizes to the fact that in 
such spaces two disjoint compact sets can also be separated by disjoint open sets. Any finite 
set is compact in any topology and the fact that compact spaces should be accompanied by 
some kind of separation axiom comes from the fact that any set with the co-finite topology 
is compact (but fails to be Hausdorff). 

However, our favourite "real" objects such as the real line, real plane etc. fail to be 
compact. Ernst Lindelof was able to identify the first compactness-like covering property 
(which was later given his name): the property that from every open cover, one can choose 
a countable subcover. The Lindelof theorem, stating that every second countable space is 
Lindelof, was proved by him for Euclidean spaces as early as 1903 in |Lin03j . Many facts 
that held for compact spaces, such as that every closed subspace of a compact space is also 
compact, remain true in Lindelof spaces. In metric spaces the Lindelof property was proved 
to be equivalent to separability, the existence of a countable basis and the countable chain 
condition - all of which hold on the real line. But many other properties, such as preservation 
under products, fail even in the finite case for Lindelof spaces. 

Another generalization that is much closer to compactness is the notion of an H-closed 
space: this is a Hausdorff space in which from every open cover we can choose a finite sub- 
family with dense union. H-closed spaces turned out to be of broad interest and importance. 
And that is why it was quite natural when in 1959 Z.Frolik [ Fro59j introduced and studied 
weakly Lindelof spaces that are generalisations of both H-closed and Lindelof spaces. 

Further attention to the Lindelof-type covering properties was brought about by the 
famous problem of P. S. Alexandrof whether any Hausdorff compact space with the first 
axiom of countability has cardinality at most continuum. This question remained unsolved 
for 50 years and only in 1969 did A. V. Arhangelskii proved it to be true. But he proved 
much more: the cardinality of any Hausdorff first countable Lindelof space does not exceed 
continuum. The solution of that problem and some previous results of A. Hajnal and I. 
Juhasz gave birth to a whole new branch of topology: the theory of cardinal invariants of 
topological spaces. One central area of investigation there is to study what kind of topological 
restrictions of a space can ensure that its cardinality is at most continuum. Stated in that 
way, the question seems to be mainly of pure mathematical interest. But the fact that a given 
space has cardinality continuum is another interesting way both of defining various kinds 
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of topologies on our old favourites: the real line, the real plane, etc., as well as of studying 
the variety of different topologies on IR. besides the well-known Eucledean one. That is why 
further generalizations of the Lindelof property naturally appeared in the theory of cardinal 
invariants mainly as an attempt to generalize or weaken the conditions in Arhangelskii's 
result. Bell, Ginsbugh and Woods used weakly Lindelof spaces; Dissanayeke and Willard 
introduced almost Lindelof spaces; later on, Arhangelskii defined quasi-Lindelof spaces. It 
was not until recently that spaces satisfying Lindelof-type covering properties have been 
studied outside the context of cardinal functions and cardinality restrictions. It has been 
investigated whether these properties are preserved under the main operations on topological 
spaces: taking subspaces, products, disjoint sums, quotient spaces, and so on. 



1.1 Project Structure 

In Section [2] we will present some basic properties of Lindelof spaces. These include main 
theorems and interrelations between separability, CCC, countable basis and the Lindelof 
property in metric spaces, as well as how separation axioms and Lindelofness correlate in 
such spaces. In Section [3] we will also consider the main generalizations of the Lindelof 
property, such as weakly Lindelof spaces, almost Lindelof spaces and quasi-Lindelof spaces, 
and investigate how these properties relate to the corresponding properties of Lindelof spaces. 
Just as we loose finite productivity when going from compact to Lindelof spaces, we also loose 
some other properties in the further generalisations of Lindelofness. That is why the main 
emphasis of this project will be on counterexamples that show failures of some properties. 

We present several examples from journal papers, elaborating on the details, sometimes 
providing our own proofs, and proving, in addition, some new properties. Some examples 
were constructed for a different purpose, but we use them in the new context of interrelations 
between Lindelof-type covering properties. We will present some of them not in their most 
general form, but in a partial case that demonstrates their main ideas and allows for a more 
vivid presentation and visualisation. 



1.2 Standard Notation, Definitions and Results 

We follow the basic terminology, results, and notions from |Dav04j . |Eng89| , and |Wil04j . 
We assume all spaces to be Hausdorff unless otherwise stated. We will also consider the 
countable versions of notions and results proved in |Arc79j . |BGW78j . and |WD84j . For 
counterexamples and less known theorems we use sources such as [CS96]. [SZ10j .and jHJ75j . 



For sets and topological spaces, we use: 



• rx for the topology on a set X; 



• (X, Tx) for the space X with the respective topology r; or just r, when X is clear; or 
just X, when r is clear; 
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• A or Int(A) for the interior of A C X] 

• A for the closure of A C X] 

• \A\ for the cardinality of the set A] 

• \]U for |J [/, where U is some collection of sets; 

ueu 

• x) - the distance between the point x and the set A ) defined as d(A, x) = 
inf{d(a, x) : a G ^4}. 

We write: 

• R for the reals; 

• ]R + and ]R^_ - for the positive reals, and the open upper half-plane, respectively; 

• N for the positive integers; 

• Q for the rationals; 

• I for the irrationals; 

• V{X) for the power set of X] 

• uji for the first uncountable ordinal with its natural order. 

We always consider IR with the Euclidean topology, unless otherwise stated. 

For convenience, finite sets will be considered countable. 
From now on, let X and Y be a topological spaces. 

We use the following standard results and definitions from Topology: 

1.1 Definition. The following are standard topologies on X: 

1. The discrete topology is r^ screte = V{X). 

2. The co- finite topology is T co _f inite — {U C X : X \ U finite }. 

3. The co-countable topology is r co _ coun ^ e = {U C X : X \ U countable }. 
We say that a set is clopen if it is both closed and open. 

1.2 Definition. A collection B of open subsets of X is called a basis for the topology on X 
if any open subset of X is a union of some subfamily of B. 
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1.3 Proposition. Let X be a set and B a family of subsets of X such that 
(Bl) X is a union of sets in B; 

(B2) for any B\, B 2 G B, there exists a B% G B such that £> 3 C B\ n B 2 . 
Then B forms a basis for a topology on X . 

1.4 Definition. Any open U C X with x G U is called a neighborhood of x. 

1.5 Definition. The product topology on X x Y is the topology generated by the basis 
B = {U xV :U er x ,V er Y }. 

1.6 Definition. For any x G X the family of open sets V x is called a local (neighborhood) 
basis at the point x if for any open U 3 x there is an element V EV X such that x EV C U. 

1.7 Proposition. T/ie family V x of open subsets of X is a local base at x if and only if 
(LB1) x^V for anyV eV x 

(LB2) for any V U V 2 G V x , there exists V 3 G V x such that V 3 C V\ n V 2 . 

1.8 Proposition. If B is a base for X, then B x = {V G V : x G V} is a local base for any 
x G X. Conversely, B = {V x : V x is a local base at x, x G X} is a base for the topology on 
X. 

1.9 Definition. X is first countable if for any xGl there is a countable local base. 

1.10 Definition. X is second countable if its topology has a countable base. 

1.11 Definition. X satisfies the countable chain condition if every family of non-empty 
disjoint open subsets of X is countable. We say that X is CCC. 

1.12 Definition. We say that X is separable if it has a countable dense subset. 

1.13 Definition. X is 7\ if whenever x ^ y G X, there is a neighborhood of each not 
containing the other. 

1.14 Definition. X is Hausdorff if for every x ^ y G X, there exist disjoint open sets 
U, V G X with x G U and y G V. 

1.15 Definition. X is Urysohn if whenever x/j/Gl there are [/, 1/ open with x G E/, 

I7nF = 0. 

1.16 Definition. X is regular if whenever F is closed and x ^ F, there exist disjoint open 
sets [/, V with x G {/ and F C V\ 

1.17 Proposition. X is regular if whenever U is open and x G U , there exists an open set 
V with x G V C V C U. 
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1.18 Definition. X is completely regular if for any closed F C X and x ^ F there is a 
continuous function / : X —> R with /(x) = 1 and f{F) = 0. 

1.19 Proposition. If X is completely regular then X is regular. 

1.20 Definition. X is normal if whenever F, X are disjoint closed sets, there exist disjoint 
open sets U, V with F C U and K CV. 

1.21 Proposition. X normal if whenever F is closed, U is open, and F C U , there exists 
an open set V with F C V C 1/ C U . 

1.22 Proposition. //X is normal then it is completely regular. 

1.23 Definition. X is T 4 if it is a normal Ti-space. 

1.24 Proposition. Every normal space is regular; every regular space is Urysohn; every 
Urysohn space is Hausdorff; every H aus dor ff space is T\. 

1.25 Definition. Fclis discrete if whenever U is open, then \F fl U\ ^ 1 

1.26 Definition. A map / : X — >• Y is called continuous if the pre-image of any open set 
is open (or equivalently, the pre-image of every closed set is closed). 

1.27 Proposition. A map f : X — >• Y is continuous if and only if f(A) C /(A) /or ei>en/ 
Acl. 

1.28 Definition. A map / : X — >• F is open if for every [7 G rx, /(C^) G ry. 

1.29 Proposition. A continuous mapping f : X ^ Y is open if and only if there exists a 
base B for X such that f(U) is open in Y for every U G B. 

2 Lindelof Spaces 

In this section, we will recollect some main definitions, will summarize the main results about 
Lindelof spaces, and present in depth several examples about the interrelation of some main 
topological notions in Lindelof spaces. We will also aim at providing detailed visualisation 
of those examples that will enable the reader to better grasp the core ideas. 

2.0 Preliminaries 

2.1 Definition. A topological space X is called Lindelof if every open cover of X has a 
countable sub cover. 

2.2 Examples. The following are straightforward examples of Lindelof spaces: 
1. Any countable topological space; 
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2. Any compact topological space; 

3. Any space with the co-countable topology; 

4. A countable union of compact spaces; 

5. R, with the Euclidean topology. 

2.3 Example. Any uncountable discrete topological space is not Lindelof. 

A more interesting example of a non-Lindelof space can be obtained by considering the 
order topology on [0, o;i) and [0,u;i]. Let us recall that for any a G (0,o;i), open neighbor- 
hoods will be the open intervals a 2 ) 3 a, where < a\ < a2 < u>i] open neighborhoods 
of will be [0, a) for every a < uj\\ and open neighborhoods of uj\ will be (a, uoi] with a < uj\. 
In this way we can topologize both [0, o;i) and [0, o;i]. 

2.4 Example. The space [0,u;i), with the order topology, is not Lindelof. 

Proof. The family U = {U a = [0, a) : a G [0,u;i)} is an open cover of [0,u;i) with no 
countable subcover. Indeed, suppose W = {U ai , . . . , U an , . . .} C U covers [0,o;i). Then 
{ai, . . . , a n) . . .} is a countable set of countable ordinals. Hence, a = supjc^i, . . . , a n) . . .} < 
uj\. Hence, [a + 1,cji) remains uncovered by W - a contradiction. □ 

2.5 Proposition. X is Lindelof if and only if every cover U with basic open sets has a 
countable subcover. 

2.6 Definition. We say that a family T of nonempty subsets of X has the countable inter- 
section property if any countable subfamily of T has a non-empty intersection. 

There is the following useful characterization of the Lindelof property: 

2.7 Theorem. A space X is Lindelof if and only if every family of closed nonempty subsets 
of X which has the countable intersection property has a non-empty intersection. 

Proof. Let J 7 be a family of closed subsets of X with the countable intersection property. 
Suppose that f] FeJ r F = 0. Then U = {X \ F : F G F} is an open cover for X. Indeed, 

|J U = \JX\F = X\f]F = X\(fr = X. 
ueu FeT FeT 

Since X is Lindelof, there is a countable subcover W'cW; but this means that 

= X\ (J U= f| X\U= p| F, 
ueu' ueu' f^t> 

contradicting the countable intersection property. Hence C\ FeJ rF ^ 0. 
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Conversely, let U be an open cover of X. Then 

T = {X \ U : U e U) 

is a family of closed subsets of X. Suppose that X is not Lindelof, so for all countable 
subsets W C W, there exists xGl with \ Uc/eW U- Define 

T = {X \ U : U G U'} C T. 

Then x G X \ Uc/eW ^ = Dj/gw 7 ^ \ ^0 = DfgJ 77 F - so J 7 has the countable intersection 
property. Thus we would have 

0^n F= n x \ c/=x \n c/=0 

fgJ^ ueu ueu 
- a contradiction. Hence, X is Lindelof. □ 

2.1 The Lindelof Property and the Main Topological Operations 

2.8 Theorem. Every closed subspace of a Lindelof space is Lindelof 

However, arbitrary subspaces of a Lindelof space need not be Lindelof. 

2.9 Example. [0,cji] is a Lindelof space, but [0,cji) C [0,cji] is not Lindelof. 

Proof Let U = {U a : a G A} be an open cover for [0, cji]; then there exists U ao such that 
^i £ U ao . Then U ao contains an interval (7, cji] for some 7 < ui\. This leaves possibly only 
the set [0, 7] uncovered, which is countable, so we need countably many more elements of U. 



However, as we saw in Example 2.4 the subspace [0, u\) = [0, cji]\{cl;i} is not Lindelof. □ 



This example justifies the following definition: 

2.10 Definition. If every subspace of a topological space X is Lindelof, then X is called 
hereditarily Lindelof 

2.11 Proposition. If every open subspace of X is Lindelof then X is hereditarily Lindelof 

2.12 Proposition. The following results are straightforward: 

1. The continuous image of a Lindelof space X is Lindelof. 

2. Quotient spaces of Lindelof spaces are Lindelof. 

3. Countable disjoint sums of Lindelof spaces are Lindelof. 

4- If X is a countable union of Lindelof spaces then X is Lindelof 
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2.2 The Lindelof Property and Separation Axioms 



There are some basic relations between separation axioms in a Lindelof topological space. 
We have the following very interesting theorem: 



2.13 Theorem. Every regular Lindelof space X is normal. 



However, even though in Lindelof spaces regularity entails normality, in such spaces we 
have that Hausdorffness does not entail regularity, as the following example shows. 



2.14 Example. There exists a countable, Hausdorff not regular topogical space X (hence, 
X is a Lindelof, Hausdorff not regular topological space). 



This is the well-known Irrational Slope topology (example 75, [SS96]). We shall provide 
detailed proofs of all properties of this example, slightly restructure the proof that it is not 
regular, and provide illustrations for the core steps. 



Construction. Let X = {(x,y) : y ^ 0,x,?/ G Q}; in other words, X consists of all points 
with both coordinates rational in the closed upper half-plane of M 2 . Since X is a product of 
two countable sets (two copies of Q), X is countable, and hence Lindelof in any topology on 
X. 

From now on, to avoid ambiguity in notation, we write (a, b) for (a, b) x {0}, where (a, b) 
is an open interval in K, and we identify Q x {0} with Q. 

Now, we topologise X as follows. 

Let (x, y) G X and e > 0. Define an e-neighborhood of (x,y) as follows: 



N € (x, y) = {(x, y)}U ((x + yy/2 - e, x + yV2 + e) n QJ U ((x - yy/2 - e, x - yV2 + e) n Qj , 

in other words, each N € (x,y) consists of {(x,y)} plus two intervals on the rational x-axis 
centred at the two irrational points x ± yy/2. Denote (x ± yy/2 — e, x ± y^/2 + e)nQ 
by B e (x ± yy/2). Note that the lines joining (x,y) with these points have slopes 
respectively. 
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x yy/2 
x — yy/2 — e x — yV2 + e 




_ x + yy/2 
x + yy/2 — e x + i/\/2 + e 



Note that if y = (in other words, (x, 0) G X) then its neighborhood consists of rational 
points in (x — e, x + e); in other words X e (x, 0) = B e (x)(= (x — e, x + e) D Q). 

Define a topology r on X as follows: 

U C X is open if and only if for every point (x, y) G C/ there is e > such that 
N e {x,y) C [/. This is indeed a topology on X, since B = {N e (x,y) : e > 0} is a system of 
local neighborhood bases for each (x,y) G X, i.e. 



1. [JB = X, 



2. For each (x,y) € X and ei, e 2 > 0, N £1 (x,y) n N £2 (x,y) = N min{eue2} (x,y), 



3. Let (x, y) G N ei (xi,yi) fl N €2 (x2,y2) (we assume 7^ (^2,^2))- Then the only 

possibility for (x, y) is y = 0, since if (xi, yi) 7^ (x 2 , y 2 ) then N £l (xx, yi) n N €2 (x 2 , y 2 ) C 



Q 
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A 

/ v 

/ \ 
/ \ 



/ 



/ 



\ 



> - 

x 2 -V2\/2 



#2 +^2V^ 



That means that (x, 0) is in a rational open interval (x — e, x + e) fl Q = B e (x,y), where 
5 c (x,y) C [B cl (zi-yiV^)Ufl c ^ C iV cl (xi,i/i)niV C2 (x2,i/2 

Claim. X is Hausdorff. 

Proof. Let (xi,?/i), (#2? 2/2) be two distinct points in X. We have three cases: 

Case (1). (xi,0) 7^ (x 2 ,0) 

So we have two distinct points in Q. Since Q is Hausdorff in its relative Euclidean 
topology, there is e > such that 

B c (xi) n B e (x 2 ) = ((xi - e, X! + e) n Q) n ((x 2 - e, x 2 + e) n Q) = 0. 

Case (2). (xi,0) ^ y > 0. 



/ \ 
/ \ 
/ \ 
/ \ 
/ \ 
/ \ 
/ \ 

e e / \ 

■■ -> <^ - - f- ■^ ■ "» 



(*i,0) 



- W5 



a; + # 



Since x\ is rational and x ± a/2 are irrationals, x\ 7^ x ± \/2- Because M is Hausdorff 
there is e > such that 

(x - yV2 - e, x - yv^ + e) n (x x - e, x x + e) n (x + yV2 - e, x + + e) = 0. 

Then N € (x u 0) n N € (x, y) = 0. 
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Case (3). (x^y^ ^ (x 2 ,2/ 2 ), V\ > 0, y 2 > 0. 

Recall that neighborhoods of (#i, y\) and (x 2 , 2/2) may have common points only in Q C K. 
Then Xi ± yiV%, %2 ± 1/2A/2 are four different points in M: 

Indeed, suppose (without loss of generality) that X\ + y\\[2 = x 2 — 2/2 \/2- 



A. 
(^2^2) 



^ ^ ♦ 

xi-yiV2 X2-112V2 X2+V2V2 

= xi + yiV2 



Then (yi + y 2 )V2 = x 2 — X\. As y 1 , y 2 £ Q, the left hand side is in ]R\Q. The right-hand 
side is in Q - contradiction. Since ]R is Hausdorff, there is e > such that e-neighborhoods 
of Xi ± yiV2 do not intersect. Then N e (x\,yi) fl N e (x 2 , y 2 ) = 0- 

Hence, X is Hausdorff. □ 



Claim. X is not regular. 



Proof. In order to see that X is not regular, let us look at the closure of a basic neighborhood 
- N £0 (xo,yo), for an arbitrary (xo,yo) G X and e > 0. 

Let us first define the following sets (strips in R+), in the case when y > 0. 



5 = 0,0) e X 

5 1 = {(x,y)eX 

5 2 = {(x,y)eX 

5 3 = {(x,y)eX 

5 4 = {(x,y) £ X 



: x e B eo (x - yo^2) 
: y > 0, \x + y V2 - 
: y > 0, \x - y V2- 
: y > 0, \x + y V2 - 
:y>0, \x - y V2 - 



UB £0 (x + y o V2)}, 
-(x-yV2)\ <e }, 

- (x-yy/2)\ < e }, 
-(x + yy/2)\ < e }, 

- (x + yV2)\ < e }- 



For simplicity the picture will show Si for a fixed point (x, y) > 0, eo > 0. 
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z-y^2-e x-yy/2+to x + yV2-e ^ + ^ z + yv^ + e 



We shall prove that 



A^ eo (x , y ) = U Si U S 2 U S 3 U S 4 . 



Let us show that So U Si U S 2 U S3 U S4 C A^ eo (x , 2/0 )• 

Let (x, 0) G So and without loss of generality let (x, 0) G B €0 (xq — y V2). 



/ \ 
/ \ 
/ \ 
/ \ 
/ \ 
/ \ 
/ \ 

£o / \ 

/ \ 



< ■ + < ■ 



Then for all e > 0, N € (x,0) n N eo (x ,y ) ^ 0, because N € (x,0) = B € (x) and 5 e (x) n 
B eo (x - y V2) ^ and B e (x) n 5 eo (x - C N €Q (x , y ). Let (x,y) G S x : 
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(x,y) G Si, hence, for every e > we have that N e (x — y\p£) D B €0 (xq + yoV^) ^ 0- 
Hence, for every e > we have that £> e (x, y) fl A^ eo (x , yo) 7^ 0- 

Cases when (x,y) G S2 (S3, S4) are analogous. 
Hence 

So U £1 U S 2 U S 3 U S 4 C iV eo ( Xo ,y ). 

For the converse, let us prove that if (x, y) ^ So U Si U S2 U S3 U £4, then there is e > 
such that N e (x,y) nB eo (x ,y ) = 0, i.e. (x,y) ^ 7V eo (x ,yo). 




Since (x, y) ^ So U Si U S2 U S3 U S4, we have that all four points x ± yv^, ^0 ± VoV^ are 
four different points in M and M is Hausdorff. So, we can find e > such that 

(B € {x - yV2) U 5,(0: + yV2)} n (X,(*o - y ^2) U 5 eo (^ + S/oV^)) ^ 0. 

Then iV e (£, y) fl N eo (x , yo) = 0. Hence N eo (xo, yo) = So U Si U £2 U -S3 U £4 for every eo > 
and (x ,yo) e X, y > 0. 



For (x , 0), X eo (x , 0) = Pi U P 2 U 5 eo (zo), where 
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Pi = {(x, y) e X : y > 0, \x + yV2 - x \ < e } 
P 2 = {(x, y) e X : y > 0, |x - y\/2 - x | < e } 




a; — ys/2 x + 



A general remark about the rational values of e : the two endpoints x G ± e might also 
belong to N eo (x ), but no point from the lines in the upper plane lies on the lines originating 
at Xq ± e are in A^ eo (x ), because those lines are with slope hence the y-coordinate of 

such points must be irrational, hence not in X. 

Hence (abusing the notation for £2, £4 as in the previous case, without using indices to 
show that Si depend on (x , yo) and e ), we can write that 



N eo (x ) = S US 2 US 4 , 

when Xq + e is irrational, and 



AU^o) = S 2 US 4 U [x Q - e , x + e ] n Q 

for rational e . 

The end points are irrelevant in some sense (for the purpose of proving that X is not 
regular) . 

We shall show that X is not only not regular but in fact it is not a Urysohn space. 

It suffices to prove that the closures of any two basic neighborhoods have a nonempty 
intersection. 

This is "obvious" from the picture (of the closures): 
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x - y\/2 



(Note that Si B , Sf denote the respective "strips" for A and B) 

If, without loss of generality, u > x, then (S$ B U Sf) fl (S^ 4 U S^) 7^ 0. If two points have 
open neighborhoods with disjoint closures then these neighborhoods can be considered basic, 
hence if we prove that basic neighborhoods of any two points have non-disjoint closures, X 
will not be Urysohn, and hence not regular. 

For some e > 0, the points on the border lines of the strips £1, . . . , £4 might also be in 
N € (x,y), but for the purpose of proving that X is not Urysohn (regular), this is irrelevant. 

What is important is that the closures of basic neighborhoods of any two points in X 
intersect. 



( M ) 

- if both are on R and x\ + e = X2 — e G 



In all other cases, if one of the points has y-coordinate > 0, then the interior of the 
corresponding strips Si, . . . , S4 will contain points from X ) hence the interiors will intersect 
(Q x Q is dense in M 2 ). □ 

Another fundamental example of a Lindelof space is the Sorgenfrey line. 

2.15 Example (Sorgenfrey line). The Sorgenfrey line S is M with the topology generated 
by the base B = {[a, b) : a < b}. 

2.16 Example. S is Lindelof and normal. 

Proof. We will provide the proof given in |Masj . 

Let U be an open cover of S. We define V = {U R : U G U} ) where U R is the interior of 



the set U with respect to the Euclidean topology . By Example |2.2| (|5[) , there is a countable 
subfamily U ± CU with \J{U :U eU ± } = \JV. 
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Define Z = R\ [J V. We shall show that Z is countable. For every x £ Z there is U x G U 
such that x G U x , and there is 6 X G K. such that x < b x and [x, 6 X ) C C/ x . For every x G Z 
let cr x G Q be such that x < a x < b x . Define a mapping / : Z —> Q by f(x) = a x , and let us 
show that it is a one-to-one function from Z into Q. Suppose x ^ y G Z . Without loss of 
generality, we may assume that x < y. If x < y < b x then y G (x, b x ) C (7 M , for some U £U 
with [x, 6 X ) C [/. But this means that y G £7 R G V - a contradiction toyGZ = ]R\ljV. 
Therefore a x < b x ^ y < a y . Hence, Z is countable, and so is Uo = {U x : x G Z}. 

Then Uo U Wi is a countable sub cover of £Y. 

We shall show that § is regular, and hence by Theorem |2.13| it is normal. Let us point out 
that any basic open set [a, b) is also closed, because X \ [a, b) = [a — 2n, a — n) U [6 + n, b + n + 1). 

Hence, whenever U is open and x G £7, there exists an open set 1/ (= [a, 6)) such that 
x G V C V C U. Hence, S is regular. □ 



However, the product of even two Lindelof spaces need not be Lindelof. In |Sor47j 
Sorgenfrey proved that S x § is not Lindelof by proving that it is not normal. We shall give 
a different proof by using the following proposition: 



2.17 Proposition. If X is Lindelof and F C X is closed and discrete then F is countable. 



2.18 Example. S x § is not Lindelof. 



Proof Let us consider D = {(x, — x) : x G §} C S x §. It is uncountable, as it is equicardinal 
to M. We shall show that D is closed and discrete in § x §, and hence, by Proposition |2.17[ 
§ x § is not Lindelof. 

First we show that D is closed by showing that (S x S) \ D is open in § x §. Let 
D+ = {(x, y) : x + y > 0} and D~ = {(x, y) : x + y < 0}. Then (S x §) \ D = D+ U D~ . 

Indeed, let (x,y) G D + . Then every basic neighborhood of (x,y) does not intersect D 
(because it is of the form [x,x + e) x [y,y + e). If (x,y) G D~ then the neighborhood 
[x, x [y, ^p) does not intersect D. The sets D + and D~ are both open in S x §, hence, 
D is closed. 
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D is discrete because for every (x, —x) e D we have that each basic neighborhood of 
(x, — x) in S x § (which is of the form [x, x + e) x [— x, — x + e), for e > 0) intersects in 
just one point, (x, — x). This completes the proof. □ 



2.3 Lindelofness and Other Properties 

Here we consider the interrelations between Lindelofness and other topological properties, 
such as separability, second countability, and CCC. 

2.19 Theorem. [DavOJ^] Let X be a metric space. Then the following are equivalent: 

1. X is Lindelof 

2. X is hereditarily Lindelof 

3. X is second countable, 
Jf.. X is separable, 

5. X satisfies the countable chain condition. 

The following example shows that in general, separability does not follow from being 
CCC and Lindelof. 

2.20 Example. |Win96j There is a Hausdorff, Lindelof, first countable space X which is 
CCC but not separable. 

For more clarity, we will slightly modify the construction of Winkler, and we will provide 
visualizations of the main steps of the proof. 
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Construction. We will first construct a family of "copies" of Q of length a;, consisting of 
pairwise disjoint (or else coinciding) sets. 

Let Q a = Q + tt = {g + a:g£ Q}, for every a El. Since the translation map / : R —> R, 
given by fix) = x + a is a homeomorphism, for all a E R, Q a are dense in R. 

In {Q a : a E 1} there is an uncountable disjoint subfamily D. 

Then D consists of countable dense subsets of R. 

We can take a subfamily Z C D enumerated by say Z = {Q aa : Qa a E D,a < uii}. 
From now on, we abuse notation and write Q a for Q a ^, where a E U\ and a El. 

Define X = {(x, a) : x E Q a , a < u)i} CRx^. 




a 



(z,a) 



(2/o, 1) 



(•'•. 0) e Q 2/o r 



(2/1,1) 



Let (x, a) E X and e > 0. Define O e (x, a) = {(y, (3) E X : \x — y\ < e,a ^ /3 < u{\. 
Let us illustrate with some examples. 

O e (x, 0) = {(y, ft) G X : y G Q/?, |rr - y\ < e, < /3 < ui}. Note that x G Q . 
O e (x, 1) = {(y, j3) G X : y G Q^, |rr - y\ < e, 1 < (5 < u,}. 
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(x°, 1) 

x - e y°G Q a x G Qi xi G Qi x°+ e 



We now show that £> = {O e (x, a) : (x, cr) G X, e > 0} is a base for a topology r on X. 
We obviously have that UB = X. 

Let (x,a) G O ei (xi,ai) fl O e2 (x 2 ,a 2 ). We have to find e > such that O e (x,a) C 
€l (xi,ai) fl O e2 (x 2 ,a 2 ). Since (x,a) G O e .(x^,c^) it follows that a ^ c^, z = 1,2. Without 
loss of generality suppose X\ < x 2 and X\ — e\ < x 2 — e 2 and Xi + ei < x 2 — e 2 . We have the 
following picture: 



a 

Oi2 



-© — e — e — e- 



x 2 - e 2 

00 £ X/ I £ 



q 

x 2 e 



CQL2 



X 2 + 6 2 



Then we have that x 2 — e 2 < x < x\ + e\. Let e > be such that x 2 — e 2 <x — e<x< 
x + e < x\ + 6\. Then O e (x,a) C O ei (xi, ai) fl O e2 (x 2 , a 2 ). Indeed, let (y, /3) G O e (x, a). 
Then /? ^ a ^ i = 1, 2. Also x — e<?/<x + e, hence x 2 — e 2 < y < x\ + ei, i.e. 
|^i — y| < and |x 2 — y\ < e 2 . Hence, G O ei (xi,ai) D O e2 (x 2 ,a 2 ). Therefore, £> is a 

base for a topology on X. 



Claim. X is Hausdorff. 
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Proof. Note that x\ = x 2 implies ai = a 2 . So, if we want (xi,ai) 7^ (x 2 ,a 2 ), then we just 
need x\ 7^ x 2 . 

Let (xi, ai) 7^ (x 2 , a 2 ) be two points in X, i.e. X\ G Q ai , x 2 G Q a2 . Since Q ai n Q a2 = 
we have that x\ ^ x 2 and without loss of generality x 2 < x 2 , ol\ < ol 2 

Let e = I 3 * 1 " 3 * 2 ! . Then O c (xi,ai) fl O e (x 2 ,a 2 ) = 0, because their projections in K. are 
disjoint. □ 



Claim. X is first countable. 



Proof. X is first countable because {Oi(x, a) : n G N} is a countable local base for every 

n 

(x, a) G X. 

Indeed if U C X is open, then there is an e > such that O e (x,a) C £7. Take n G AT 
such that ± < e. Then Oi (x, a) C O e (x, a)cf/. □ 



Change of notation 

Let 0(a, 6, a) = {(x, /3)GX:a<x<6, a^/5< a;i}. Then 0(a, 6, a) is open in r and 
£>i = {0(a, 6, a) : a, 6 G M, a < cji} is again a base for the same topology r of X. 

The proof is exactly the same as the one showing that open intervals form a base for the 
Euclidean topology on IR 



Claim. X is Lindelof. 



Proof. We will use the fact that X is Lindelof iff from any cover with basic open sets we 
can find a countable subcover. Let 7 = {0(^,6^,^) : k G < be an open cover 

of X with basic open sets. Let us note that a = must be among those {a^ : otk < 
otherwise points from Ifl(Rx {0}) will not be covered. Let A = [j aeuJl Q«; note that A is 
uncountable. Then icK and since R is metric with a countable base, so is A; hence, A is 
Lindelof. Then U = {(a&, &&) fl ^4 : G X} is an open cover of ^4 in the Euclidean topology 
and we can choose a countable subcover which we shall denote by T = {(a n , b n )DA : n G N}. 
Then {a n : n G N} is a countable set of countable ordinals, hence a = sup{a n : n G N} is 
at most countable. 

Let us show that {0{a n) b n , a n ) : n G N} covers all but countably many elements of X. 
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Let us note that [J a<ao Q a x {&} is countable since it is a countable union of countable 
sets. Therefore we only need to show that LL ^ ^ a x { a } can ^ e covere d with a countable 
number of elements of 7. Let (x, f3) E X. We have two cases: 

Case (1). (x,/3) G Q a x {a} for some a < a . This means in particular that /3 = a. Then, 
since 7 covers X, we choose 0{a a) b a) (3 a ) in 7 such that (x, /3) G 0{a a) b a) f3 a ). 

Case (2). Let /3 ^ a and (x, /3) G X, i.e. x G Q/3. Since 7 covers X, there is a G K such 
that (x, /3) G 0(a fej a k ) = {(y, 8) : y E Q s , a k < y < b k) a k ^ 8 < uji). Then x G C A 
and T covers A. Hence, there is an n G N such that x G {a n) b n ). Then (by definition of 
the O's), since f3 ^ — ^ /3 ^ a n for every n G N and (x, /3) G 0(a n , fe n , a n ) = {(y,S) : y E 
Qs: a n <y <b n ,a n ^S < cji}. 

Hence, X is Lindelof. □ 
Claim. X is CCC. 

Proof. We want to show that every family of pairwise disjoint nonempty open sets in X is at 
most countable. It is sufficient to show that any family of pairwise disjoint nonempty basic 
open sets in X is at most countable. Let 

7 = {0(a k ,b k ,a k ) : k E K} 

be any family of pairwise disjoint nonempty basic open sets in X. Suppose K is uncountable. 
Consider the family of open in R sets U = {(a k ,b k ) : k E K}. Since M is CCC, U cannot 
consist of pairwise disjoint sets. So there are fci, fc 2 G K such that (a kl) b kl ) n (a& 2 , b k2 ) ^ 0. 
Let a = maxja^, a k2 }. Since Q a is dense in R we can find y G Q a D (a, 6). Then (y, a) G 
0(a kl , 6jfe 13 afcj n 0(a k2 , b k2 , a k2 ) - a contradiction. □ 

Claim. X is not separable. 
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Proof. If M = {(x n , a n ) : n G N} is an arbitrary countable subset of X ) let us take 



a = swp{a n : n 6 N} + 1. 

Then sup{a n : n e N} is countable as a countable union of countable ordinals, and hence a 
is, too. Then if a, b e K, 0(a, 6, a) is a nonempty open set in X which does not intersect M. 



a + 1 

sup a n 



0(a, 6, a) 



Hence X is not separable. 



□ 



3 Lindelof-type Covering Properties 

Now we shall define the Lindelof-type covering properties we mentioned in the very beginning. 
We shall overview some statements for these spaces similar to the results for Lindelof spaces. 



3.1 Almost Lindelof Spaces 



Almost Lindelof spaces were considered in |WD84j . where Dissanayeke and Willard gen- 
eralised Archangelskii's result about the cardinality of Hausdorff first countable Lindelof 
spaces. 

3.1 Definition. A topological space X is almost Lindelof if for every open cover W of X, 
there exists a countable subfamily V CU with [j VeV V = X. 

It follows immediately from the definition that every Lindelof space is almost Lindelof. 
Dissanayeke and Willard also stated (without proof) that: 



3.2 Proposition. A regular almost Lindelof space is Lindelof 
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Proof. Let 

U = {U a : a G A} 

be an open cover of X. We choose a countable subcover in the following way: for any xGl 
choose a{x) G A with x G C/ a ( x ). By regularity, there is an open 14 with x G V x C 14 C £7^0) • 
Then 

V = {V x :xeX} 

is an open cover of X. Since X is almost Lindelof we can choose {x n : n G N} C X such that 
X — [J T4 n . But V Xn C U a ( Xn y Hence {U a ( Xn ) : n G N} is the required countable 

subcover of U. □ 

However, as should be expected, not every almost Lindelof space is Lindelof, and also, if 
we weaken the requirement about regularity in the above proposition, it fails to remain true. 

We use ideas from Mysior ( |Mys81| ) and improve an example from |SZ10j in order to 
obtain the following: 

3.3 Example. There exists a Urysohn almost Lindelof space X which is not Lindelof. 

Construction. Let A = {(a a , —1) : a < uji} be an cji-long sequence in the set {(x, —1) : x ^ 
0} C R 2 . Let Y = {(a a ,n) :a<u u ne oo}. Let a = (-1, -1). Finally let X = YuAu{a}. 
We topologize X as follows: 

- all points in Y are isolated; 

- For a < uji the basic neighborhoods of (a a , —1) will be of the form 

U n (a a , —1) = {(a a , —1)} U {(a a , m) : m > n} for n G uj] 

- The basic neighborhoods of a = (—1, — 1) are of the form 

U a {a) = {&} U n) : (3 > a, n G uo} for a < uj\. 

Let us point out that A is closed and discrete in this topology. Indeed, for any point xGl 
there is a basic neighborhood U (x) such that AnU(x) contains at most one point and also 
that X \A — {a} U Y is open (because U a (a) CYU {a}. Hence X contains an uncontable 



closed discrete subset and therefore (by Proposition 2.17) it cannot be Lindelof. 



Note that for any open U 3 a the set X \ U is at most countable. Indeed, for any a < cji, 



U a (a) = U a (a) U {(a#, —1) : f3 > a}. Hence X \ U a (a) is at most countable. 

Let us now prove that X is almost Lindelof. Let U be an open cover of X. Then there 
exists a U{a) G IA such that a G U{a). We can find a basic neighborhood Up{a) C U{a). 
Then Up(a) C U (a) and hence X\U(a) will also be at most countable. Hence X\U(a) can 
be covered by (at most) countably many elements of U. Therefore X is almost Lindelof. 

It is easily seen that X is Hausdorff. 
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A is Urysohn because 

Uja) = U a (a) U {(a p , -1) : (3 > a}, 

U n (a a , -1) = U n (a ai -1) U {a}, and 
U(a a ,n) = U(a cn n) = {(a a ,n)}. 

3.1.1 The Almost Lindelof Property and the Main Topological Operations 

As in the case of Lindelof spaces, we have the following results (stated in |SZ10j without 
proofs) : 

3.4 Proposition. A continuous image of an almost Lindelof space is almost Lindelof 

Proof Let / : A —> Y be continuous, X be almost Lindelof and U be an open cover for 
Y. Then V = {f~ l {U) : U G U} is an open cover for A, and hence it has a countable 
subset V C V with |J V = X. Then W = {U e U : f~\U) G V 7 } is the required 

VeV 

subcollection. Indeed, let j/GF, then f~ 1 {y) C A, so there exists a subcollection V" C V 7 
with |J V n D f-\y). Then /(VQ = f(FHUn)) C So y G |J ^ □ 

3.5 Proposition. Quotient spaces of almost Lindelof spaces are almost Lindelof (since the 
quotient map is continuous) . 

3.6 Proposition. The countable disjoint sum X n is almost Lindelof if and only if all 
spaces X n are almost- Lindelof 

For the inheritance of the almost Lindelof property, we have a weaker result than in the 
Lindelof case: 

3.7 Proposition. If X is almost Lindelof then any clopen subset of X is almost Lindelof 

Proof. Let F C A be clopen, and U be a cover for F. Then IA U (A \ F) is an open cover for 
A, hence there is a countable subfamily W of U such that X — UU X \F. Since X\F 

is also clopen, W is the required subcollection. □ 

Let us point out that (as in the Lindelof case), the product of even two almost Lindelof 
spaces might not be almost Lindelof , and even more: the product of two Lindelof spaces 
might not be almost Lindelof. We have the following example: 

3.8 Example. S x § is not almost Lindelof. 

Proof. We have seen that § is Lindelof. S x § is not almost Lindelof because it is regular (as 
a product of two regular spaces) and not Lindelof. But we showed in Proposition |3.2| that 
in regular spaces, Lindelof and almost Lindelof coincide. □ 
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However, in [SZ10I 



, it is shown that: 



3.9 Theorem. If X is almost Lindeldf and Y is compact, then X xY is almost Lindeldf 

Proof. It is sufficient to prove that for any cover U of basic open sets in X x y, i.e. U C 
{U x V : U £ Tx, V £ ?y} we can choose the required subfamily. 

For an arbitrary but fixed x G X, {x} x Y is a compact subset of I x 7. Hence, there 
exists a finite subcollection {£7 X . x V Xi : i = 1, 2, of W such that 

{x} x y C |J{t4. x^:Ui^ nj. 

Let W x = f){U x . : 1 ^ i ^ n x } (hence W x is open in X and x G Then again 

{x} x y C (J{W, x ^. : 1 < i < nj. 

>V = {W x : x G X} is an open cover of X. Since X is almost Lindelof, we can choose a 
countable subfamily {W Xj : j G N} of >V whose closures cover X. We claim that 

V = {U Xjt xV Xji :l^i^n Xj JeN}. 

is the required countable subcollection of U. 

So let (s, t) G X x y be arbitrary but fixed. Then 5 G X = UjeN^xj' hence there 
exists an xj such that 5 G W Xj . Moreover, since {W XjQ x V Xi : 1 ^ i ^ n x J0 } covers 
{x J0 } x y, there is an z with (xj ,t) G W Xjq x . And since 5 G W Xj , we have that 
(s, t) G x V^. Q . By definition of W Xj , we have that there is a [T^ with W Xjo C , 

and hence (s, t) G Z7 Xjq x V x . q C x V x . q . □ 

3.2 Weakly Lindelof Spaces 

Weakly Lindelof spaces were introduced in 1959 by Frolik in |Fro59j . Here, we consider 
interrelations between the weakly Lindelof property and other topological properties, as well 
as its preservation (or destruction) under subsets, products, and continuous maps. 

3.10 Definition. [Fro59j X is weakly Lindeldf if for every open cover U of X, there exists 
a count abe subset V of U with IJy^y V = X. 

3.11 Example. Any Lindelof (and, as we shall see, any CCC, and hence separable) space 
is weakly Lindelof. 

3.12 Example. Any uncountable set X with the discrete topology is not weakly Lindelof. 

Bell, Ginsburg, and Woods in |BGW78j considered the weakly Lindelof property in the 
settings of cardinal invariants of topological spaces. Here, we present the proof of the fol- 
lowing theorem which they only stated: 
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3.13 Theorem. If X is CCC then X is weakly Lindeldf. 



Proof. Suppose that X is not weakly Lindelof, i.e. that there exists an uncountable open 
cover r of X with nonempty sets such that for each of its countable subfamilies f C T, we 
have that X \ |J P ^ 0. We then construct a countable chain of disjoint open nonempty sets 
indexed by 7, 7 < hence showing that X is not CCC. 

Let us write V = {U a : a < /3} for some uncountable ordinal /3. Pick Uq e T. Then 
X\Uo^0. So, we have that X \ [To C (J U a . 

0<a</3 

Since X\ZJo ^ 0, there exists an a x > 1 with U ai n(X\Uo) ^ 0. Let V x = U ai n(X\Uo). 
Then V ± ^ 0, V x is open, and V 1 nV = 0. 
Now, X \ U U U ai C |J C/ aj and 

0<q;</3, a^a\ 

x\u uu ai = |J c/ Q n(x\t/ ut/ Q1 ) 

Hence, there exists a C/ a2 G T such that C/ a2 n (X \ [To U U ai ) 7^ 0. Then, we define 
V2 = U a2 G T as U a2 fl (X \ Uo U C/ ai ). Obviously, V2 is open and disjoint from Vb, Vi. 

We continue inductively as follows. Let 7 < Suppose we have already 

constructed V5 7^ open in X such that the family {V$ : 5 < 7} is disjoint. Then 
^ \ U(5< 7 ^6 7^ because 7 is a countable ordinal (and our assumption is that X is not 
weakly Lindelof). Then, 



x \\Ju as = U [/ Q n(x\u 5<7 [/ Q6 ). 

5<7 q;</5,q;^{q; ( 5:(5<7} 

Hence, as the left side of the equality is nonempty, so is the right, so we can choose U a such 
that U ai n (X \ U s<1 U as ) ^ 0. Then, we define V 1 = U aty n (X \ U<; <7 £4 5 ) 7^ 0. Hence, V 1 
is nonepmty, open, and by construction, we have that V 1 fl Vs — for every 5 < 7. 

In this way, we have constructed the uncountable family - {V 1 : 7 < uj{\ - of disjoint 
nonempty open sets, hence showing that X is not CCC. □ 

3.14 Proposition. Every almost Lindeldf space is weakly Lindeldf. 

Proof. Let X be almost Lindelof, and U be an open cover of X. Then there exists a countable 
subset V of U with IJy^y ^ = X. As IJy^y ^ ^ Uyev^> we a ^ so have that X is weakly 
Lindelof. □ 

As the following example shows, the converse is not true. 

3.15 Example. The Sorgenfrey plane is regular weakly Lindelof, but not almost Lindelof 
(and hence, not Lindelof ). 



Proof. Example 3.8 shows that S x § is not almost Lindelof. However, it is separable, since 



! x Q is dense in § x §, and hence § x § is CCC. By Theorem 3.13, it is weakly Lindelof. □ 
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This example also shows, that, unlike in the almost Lindelof case, in regular spaces the 
weakly Lindelof and Lindelof properties do not coincide. 

Next, we present another example of a weakly Lindelof not Lindelof space, which is given 
in |BGW78j. It is not regular, but, unlike § x §, it has arbitrary cardinality. We will show 
that it has some additional properties, besides the ones mentioned in the article. We show 
that in this space, the weakly Lindelof property is not inherited by closed subspaces, which 
is a point of difference from Lindelof spaces. We point out that it is not CCC (hence not 



separable), so the converse of Theorem 3.13 does not hold. We also show that it does not 



possess another Lindelof-type covering property, i.e. it is not quasi-Lindelof. The definition 
of the latter is the following: 



3.16 Definition. A space is called quasi-Lindelof if every closed subset of it is weakly 
Lindelof. 



This notion was introduced by Archangelski in |Arc79j . We will consider it in more detail 
in section E 



3.17 Example. jBGW78j A Hausdorff, first countable, weakly Lindelof space that is neither 
Lindelof nor quasi-Lindelof. 



Construction. We will denote the irrational numbers by I. Let k be an arbitrary uncount- 
able cardinal number, A C I be countable and dense in I (and hence also dense in M). Let 
Z = (Q x k) U A. Note A n Q = 0. For every (g, a) e Q x k define a neighborhood base 



U n (q, a) = {(r, a) : r e Q A \r - q\ < -}, n e N. 



For every a G A, define a neighborhood base 



UJa) = {b e A : 16 - a\ < -} U {(<?, a) : a < n A \q - a\ < -}, n e N. 

n n 
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a 



U n (q,a) 



2 
1 



— >i- 



Note: colour represents first 
coordinate of point 



Let r be the topology generated by {U n {q ) a) : (q,a) e Q x ft} U {£7 n (a) :aG^,nG N}. 
Then (Z, r) is first countable by construction. 

Claim. Z is Hausdorff. 

Proof. 

Case (1). ai a 2 , ai,a 2 G A. Then they can be separated in R (which is Hausdorff) by 
disjoint open intervals (ai — ^, ai + ^) fl (a 2 — ~, a 2 + Then U n {ai) n U n (a 2 ) = 0. 

Case (2). (gi,ai) 7^ (92,^2)- 

If gi 7^ g 2 , there exists n e N such that (gi — ^, gi + ^) D (g 2 — ^, Q2 + ^) = in R. Hence 
U n (qi, ai) n C/ n (g 2 , a 2 ) = 0- 

If gi = g 2 then, without loss of generality, ol\ ^ a 2 . Then for every n, C/ n (gi,ai) fl 
U n (q2,a 2 ) = 0. 

Case (3). q a. Then again there is an n with (g — ^, g + ^) fl (a — ^, a + ^) = and 
C/n(a) n £7 n (g, a) = for every a < k. 

□ 

3.18 Note. For each a < k the subspace Q x {a} is open in Z (because every point in 
Q x {a} has a neighborhood that consists only of elements of Q x {a}, and also Q x {a} is 
homeomorphic to Q, as a subspace of ]R) . 
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Claim. Z is weakly Lindelof. 



Proof. We will first show that if G C Z is open and A C G, then G is dense in Z. 

So, we have to show that G intersects any nonempty basic open set in Z. Since A C G, 
G will intersect any neighborhood of points in A, so we only have to prove that if q G Q, 
a < ac and n G N then £/ n (g, cr)nG^0. 

Recall that A is dense in R. Hence for every nonempty interval (q — ^, 5 + ^) Cl, there 
exists a G i such that a G (a — -, a + -), so la — a| < -. 

Since G is open and a G A C G, there is m G N with U m {a) C G. 

Let r G Q be such that la — r| < mini — , - — la — a|}. Then (r, a) G G and 



I I I I - i 1 ,1 

\q — r ^ \q — a \ + \a — r < \q — a M g — a = — , 

77 77 



so (r, a) G U n (q,a). 

Hence (r, a) G G and (r, a) G a). Hence (r, a) G G n i7 n (g, a), and so G is dense in 

Z. 

Then Z is weakly Lindelof. Indeed let U be an arbitrary open cover of Z . For every 
a G A let C/" a G £Y such that a G C/ a . Let V = {C/ a : U a G a G ^4}, then V is countable and 
G = (J V is open; hence jjV = G = Z. □ 



Claim. Z is not Lindelof. 



Proof. For every g G Q the set {q} x ^ is uncountable, closed and discrete in Z: {q} x k is 
discrete because for any 77 G N and a < k we have £/" n (g, a) fl ({q} x ft) = (g, a). 
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{q} x k 



a 







Note: colour represents first 
coordinate of point 



{q} x k is closed because for each x e Z \ ({q} x k) there is a neighborhood which does 



not intersect {q} x k. Therefore, by Lemma 2.17 we have that Z is not Lindelof. 
Claim. Z is not CCC. 



□ 



Proof. Let us fix q e Q. Then the family U = 
of disjoint open sets. 

Claim. Z is not quasi-Lindelof. 



{U n (q,a) : a < k} is an uncountable family 

□ 



Proof. Again, {q}xtz is closed and discrete and from the cover 7 = {(x—^x+^)xa : a < k} ) 
no countable subfamily can be chosen, the closure of whose union covers {q} x k. This is 
because U7 consists of {[q — ^q + i] x {a} : a < 4u(Afl([?-^+^] x {0})) and 
([g-i,g+i]x{a})n([g-^,g+^]x{/3}) = if a^p. Hence if we remove [q~^q+^]x{a} 
for some {a}, the point (g, a) will remain uncovered. □ 

3.2.1 The Weakly Lindelof Property and the Main Topological Operations 

Let us prove the following four results stated in jSZlOj . 

3.19 Definition. A subset A of a topological space X is called regularly closed if A = Int(A) 
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3.20 Proposition. Every regularly closed subset of a weakly Lindelof space X is weakly 
Lindelof 

Proof. Let Fclbe regularly closed, and U be an open cover for F. Then U U (X \ F) is 
an open cover for X. Hence there exists W C U with 



U'U(X\F) = X. 



Now, Int(F) D (X \ F) = 0, since F is regular closed. Hence, Int(F) C (JW. Therefore 
F = Int(F) C \JU f . □ 

3.21 Proposition. Every clopen subset of a weakly Lindelof space is weakly Lindelof. 

Proof. This follows from Proposition |3.20[ since clopen subsets are regularly closed sets. □ 



As we have already pointed out in Example |3.17[ not every closed subset of a weakly 
Lindelof space is weakly Lindelof, so the two results given above are the 'best possible' with 
respect to the inheritance of the weakly Lindelof property. 

3.22 Proposition. The continuous image of a weakly Lindelof space is weakly Lindelof. 

Proof. Let / : X —> Y be continuous, X be weakly Lindelof, and U be an open cover of 
Y. Then V = {f~ l {U) : U G U} is an open cover for X. Hence there exists a countable 
subfamily V C V with [JV = X. Then U = {U : f~ l {U) £ V 7 } C IA is the required 
subcollection. 

Indeed, let W C Y be open. Then f~ 1 (W) is open, hence there is V G V with f~ l {W) D 
V ^ 0, say x G f~\W) n V. Then /(x) G n ^) = n ^, so \JW = Y, as 

required. □ 

3.23 Corollary. A quotient space of a weakly Lindelof spaces is weakly Lindelof 

3.24 Proposition. The countable disjoint sum ® ne fqX n is weakly Lindelof iff all spaces X n 
are weakly -Lindelof. 



Proof. In disjoint sums, \J UeU U = [J neN M x X n . □ 

Now, we shall present an example of Hajnal and Juhasz showing that the product of even 
two weakly Lindelof spaces need not be weakly Lindelof. 

3.25 Example. |HJ75| A Hausdorff not weakly Lindelof space that is a product of two 
Lindelof spaces. 

3.26 Remark. The example is based on some properties of the topology on linearly ordered 
spaces. So, here we give the necessary background. 

3.27 Definition. The order " < " is said to be dense iff whenever x ^ y there is z G X 
such that x z y. 
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3.28 Definition. " < " is said to be complete if every non-empty subset of X that has an 
upper bound has a least upper bound. We shall denote it by supX. 

3.29 Definition. If (X, <) is a linearly ordered set, we can define a topology r(<) with the 
base consisting of all open (with respect to " < ") intervals in X. 

Let (X, <) be any linearly ordered set. Let X + be X with the topology generated by 
the basis consisting of half-open intervals of the form [x, y) and X~ be X with the topology 
generated by the basis consisting of half-open intervals of the form (x,y\. 

The underlying set for Example 3.25 is the well-known Lexicographic Square (example 
48, page 73 of |SS96| ). Here, we provide details and proofs for properties which have been 
only stated in [SS96J . 

3.30 Example (The Lexicographic Square). Let X = [0, 1] x [0, 1] CR 2 . Define an order 
" -< " on X in the following way: 

(a, b) -< (c, d) iff a < c or (a = c and b < rf), where " < " is the usual order topology on 

X. 

Let r(-<) be the corresponding order topology on X. 
Claim. (X, t(^)) is first countable. 

Proof. Let us note that if (x,y) G X\(([0, 1] x {0}) U ([0, 1] x {1})), then Oi(x,y) = {x} x 

n 

(y — y + -), for n G N form a countable neighborhood base for r(<) at (x,y). They are 
open intervals since 

Oi(x,y) = ((x,y- -),(x,y + -)) = {(u,v) G X : (x,y - -) ^ (u,v) -< (x,y+ -)}. 

n n n n 

Indeed, if (u, v) is such that (x, y — ^) -< (u, v) -< (x,y + ^) we should have x ^ u ^ x, i.e. 
u = x, and ^<^<y+^, as required. Also if G U is open in r(-<), then there 

exists an n such that 0\ (x, y) C C/. 

n 

The neighborhoods of (x, 1) are 

Oi (x, 1) = ((x, x + -) x [0, 1]) U ({x} x (1 - -, 1]) U ({x + -} x [0, -)). 

n n n n 

The neighborhoods of (x,0) are 

Oi = ((a, x - x [0, 1]) U {{x - i} x (1 - i 1]) U ({x} x [0, ^)). 
Since {Oi(x, 1) : n G N} and {Oi (x, 0) : n G N} are also countable local bases at (x, 1) and 

n n 

(x, 0) respectively, it follows that X is first countable. □ 

Now we proceed with the exposition of Example |3.25[ Firstly, we provide a proof for the 
following two statements of Hajnal and Juhasz: 



33 



Claim. " is a complete order. 

Proof. Note that any subset A C X is trivially bounded by (1, 1). Hence, we want to show 
that any subset A C X has a least upper bound. 
Let 

A x = {x E [0, 1] : Ely G [0, 1], (x, y) G A}. 

Since ^4 X C [0, 1], it is a bounded set of reals and hence a = sup exists. 
We have two cases: 

Case (1). There exists y G [0, 1] such that (a, y) G A. Then the set {y G [0, 1] : (a,y) G A} 
is nonempty and bounded (as a subset of [0,1]). So let f3 = sup{y : (a,y) G ^4}. Then 
= sup A Indeed, let (a, 6) G ^4 Then a G A x , and so a ^ a. If a < a then 
(a, 6) -< If a = a then 6 ^ f3 as (a, 6) = (a, b) G {y G [0,1] : (a,?/) G A}. Hence 

(a, 6) -< (a,/3). 

Also, (a, /5) is the least upper bound: for suppose that (a, 6) ^ (a, /3) is an upper bound. 
Then a = a ) since otherwise (a, y) > (a, 6) for the supposed y above. Also, if b < then 
(since /3 is defined as a supremum), there is a b' G {y G [0, 1] : {a ) y) G ^4} with b <b' < f3, 
so (a, 6) < (a, £/) G ^4 and hence (a, 6) is not an upper bound for A after all. So b = f3. 

Case (2). No point in A has first coordinate a, so ({a} x [0, l])flA = 0. Then sup A = (a, 0). 

First let us show that (a, 0) is an upper bound for A. Let (a, b) G A. Then, by choice of 
a, we have that a ^ a. By assumption, a 7^ a, so we have that a < a and (a, 6) -< (a, 0), as 
required. 

Let us show that sup A = (a, 0). It suffices to show that for every n G N, (a — ^, 0) is 
not an upper bound for A. Let n G N; then a — ^ is not an upper bound for A x . Hence 
there exists a n G A x and there exists y n G [0, 1] such that (a n , y n ) G A and a — ^ ^ a n < a. 
Then (a - ±, 0) r< (a n , y n ) for every n G N. Indeed: if a - ± < a n then (a - ±, 0) -< (a n , y n ); 
if a — ^ = a n then (a — ^,0) = (a n ,0) ^ (a n ,y n ). Hence, for every n G N we have found 
(flm Vn) £ ^4 such that (a — ^, 0) ^ (a n , y n ). Hence, (a — ^, 0) is not an upper bound for A. 

Hence, (a, 0) = sup A □ 

Claim. " -< " is a dense order. 

Proof. Suppose (a, b) ^ (c, d). We have two cases: 

Case (1). a < c. Then there exists wGR such that a < u < c. Then for any v G [0, 1], we 
have that (a, b) ^ (u, v) ^ (c, rf). 

Case (2). a = c and b < d. Then there exists uGK with b < v < d. Then (a, 6) ^ (a, ^ 
(a, d) = (c, d). 

□ 

Claim. (X, r(-<)) is not CCC (and hence not separable). In fact, any dense subset of X has 
cardinality 2^°. 
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Proof. Let D be any dense subset of X. Since \D\ ^ \X\ — 2 K °, it suffices to show that if D 
is dense then |D| ^ 2^°. 

To do this, it suffices to construct a family of 2^°-many disjoint non-empty open substes 
of X (hence showing that X is not CCC). Let 

C = {{x}x(0,l):xe[0,l}}. 

Then \C\ = |[0, 1]| = 2^° and all elements of C are open in (X, r(-<)). Since every element of 
C must contain a point of D, we have that \D\ > 2^°. □ 

Claim. X does not contain an uncountable set A = {a a = (x a ,y a ) : a < uii} of length cji 
which is increasing with respect to " -< " . 

Proof. Suppose the contrary: that A is such a set, and let a = sup A Then the space 
AU{a}, as a subspace of X, is homeomorphic to [0,oji] with the order topology. But ylU{a} 
is first countable as a subspace of the first countable space X. On the other hand, [0,u;i] is 
not first countable. For if {{w n) uji] : n G N} is a contable base at then we would have 
that sup{^ n : n 6 N} = £Ji, which is a contradiction, because uj\ does not have a countable 
cofinal subset. Thus X cannot contain an increasing sequence of length uj\. □ 

Claim. In X there is no decreasing uncountable subset of size 

Proof. In a similar way as above, we can prove that any A C X has a greatest lower 
bound, so inf A exists. Also, we can analogously prove that if A is a decreasing uncountable 
subset of size uj\ in X and a = inf A, then {a} U A would again be homeomorphic to [0,o;i] 
(but this time with the topology on {a} U A generated by the reverse of " -< " order) a 
contradiction. □ 

3.31 Lemma. Let (X, <) be an order- complete linearly ordered set in which there is no 
decreasing or increasing ordered subset of type u\. Then both X + and X~ are Lindelof 
topological spaces. 

3.32 Remark. Hajnal and Juhasz presented a more general case. Here we consider in detail 
the partial case for Lindelof spaces. 

Proof. Since X + and X~ are homeomorphic (the reverse order in X + gives X~ and vice- 
versa), it suffices to show that X + is Lindelof. 

Let U be an open cover of X + by basic open sets of the form [x, y). 

First let us show that: 

Claim. If a, b G X + and a < b then the closed interval [a, b] is covered by countably many 
elements of U. 

Proof. Consider the following subset of [a, b]\ 

D = {d G [a, b] : [a, d] can be covered by countably many U G U}. 
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Now, D ^ 0, since a G D ([a, a] = {a} is covered by some element of the cover U. ) Since 
D is a bounded subset of X [d ^ b for any d <E D), c = sup D exists. 

We shall show that c = b. Let us first note that [a, c] can be covered by countably many 
elements of U. The case c = a is obvious. If a < c we have two cases: 

Case (1). c = supL* has an immediate predecessor, i.e. there exists Ci Gl such that c\ ^ c 
and (ci,c) = 0. Then since c = supL* we have that c\ G D. Note that Ci ^ a as then 
a G (ci,c) = - a contradiction. That means that [a, ci] is covered by countably many 
elements of U and hence [a, c] = [a, ci] U {c} will also be covered by countably many elements 
of U (at most one more to cover {c}). 

Case (2). c = sup D has no immediate predecessor. Let A be a cardinal number with A ^ \X\. 
Then we can construct an increasing well-ordered sequence {c a : a < A}, where c a < c for 
all a < A in the following way: Let c = a. Since c has no immediate predecessor, there 
is a Ci G (a,c), i.e. c < C\ < c. Suppose for some a < A we have already constructed 
a well-ordered {c a : a < a } such that c a < c for every a < a G . Since {c a : a < a } is 
bounded by c, we can take c ao = sup{c a : a < a }. 

Then c ao ^ c. If c ao = c we are done. If c ao < c we can carry on the induction 
up to (possibly) A. But this process has to stop at some countable ordinal a*, since by 
assumption, there is no increasing uncountable subset of X. So in fact, when c has no 
immediate predecessor, we can construct {c n : n < uj} which is well-ordered and such that: 
c n < c for all n G uj and if a < e < c then there is an n G uj such that e ^ c n (i.e. {c n : n G uj} 
is cofinal with c). 

Let us note that since c n < c, then c n G D. But [a, c) = Un<cJ a ' c n)> an d hence can also 
be covered by countably many elements of U. Then we need possibly one more element of 
U to cover [a, c] = [a, c) U {c}. 

Hence c G D, i.e. [a, c] can be covered by countably many elements of U. 

If c = 6, then we are done. Suppose that c < b. Again we have two cases to consider: 

Case (1). c has an immediate successor c', i.e. d G [x, y). Consider [a, c'] = [a, c] U {c}. 
Then, since [a, c] is countably covered, so is [a,d\. Hence d G D and > c = supL* - a 
contradiction. 

Case (2). c has no immediate successor. Since c is covered by some element [x, y) G [x, y) 
contains some d > c. Again - consider [a,d] = [a, c] U [c,d]. We know that [a, c] is covered 
by countably many elements of U and [c,d) C [x, y], hence [a, c'] is covered by countably 
many elements of U. If d ^ 6, then d G D and c' > c = supL* - contradiction. If d > b 
then [a, 6] C [a, d] hence [a, 6] can be countably covered, hence b G D and c = sup D < b - 
contradiction. 

Hence c = 6, as required, and hence [a, 6] can be covered by countably many elements. □ 

Now suppose X has no biggest element. We shall construct a sequence {b a : a < A} that 
is cofinal in X (that means that for every x G X there is an a < A such that x < b a and 
b a < b a f whenever a < a' < A). Let b be an arbitrary element of X and let {b a : a < a } 
be already constructed such that b a < b a > whenever a < a' for some a Q < A. If there is 
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x G X such that f3 a < x for every a < a then {/3 a : a < a } is a bounded increasing 
sequence and we may take (by the conditions of the Lemma) b ao = sup{6 a : a < ao} and 
the induction continues. If such x does not exist, then {/3 a : a < a } is our cofinal sequence 
(i.e. for all x G X there exists an a x such that x < /3 ax ). By assumptions on X, we cannot 
have an increasing uncountable sequence, so again we must have that this A is countable, so 
{b a : a < A} can be relabeled as {b n : n < uj}. (Note that if X has a biggest element, then 
the cofinal sequence {b a : a < A} will have a constant tail.) 

Similarly, supposing that X has no smallest element, we can construct a coinitial sequence 
{a n \ n < i.e. a sequence such that for every x G X there is an a n such that a n < x 
(because in X there are no uncountable ordered decreasing sets). Then X + = lj{[ a n^m] • 
&n < b m ] n,m < uj}. Indeed, if x G X + then there are a n ^ x and b m ^ x with x G [a n , 6 m ]. 
(Similarly, if X has a smallest element, the coinitial sequence will have a constant tail 
consisting of just this element.) 

But we have proved that any closed interval in X can be countably covered by elements 
of U. Hence, since X + is the union of countably many intervals, it can also be covered by 
countably many elements of U. 

Hence X + is Lindelof. □ 

3.33 Lemma. Let (X, <) be a densely ordered set which does not contain a countable dense 
subset. Then the product space X + x X~ is not weakly Lindelof. 

Proof. The basic sets in the product topology on X + x X~ are of the form [a, b) x (c, d]. 
We construct an open cover such that every countable subcover is not dense in X + x X~ . 
Let 

A = {(£,£) GX} 

be the diagonal of X + x X~, and let 

T = {{x,y) G X + x X~ : x < y}. 

Let us prove that T is open in X + x X". So let (p, q) G T. Since p < q and " < " is a dense 
order on X, there exists r G X with p < r < q. Then [p, r) x (r, g] is a neighborhood of (p, g) 
contained in T. 
Now, let 

[p,4) = {xGl:i)p} 

and 

(«— ,p] = {x G X : x ^ p). 

These sets are open (respectively in X + and X~). 

Consider the following family of open subsets of X + x X~: 

w = {r}u{[p,->)x(<-,p]: P ex}. 

W is an open cover of X + x X~ , since if (x, y) G X + x X~ we have two cases: 
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Case (1). x < y, then (x,y) G I\ 

Case (2). x ^ y, then (x,y) G [x — >>) x («—,#]. 

We will prove that for any countable subfamily VcW, the union 1/ = [J V is not dense in 
X + xX~ . In order to make the exposition of Hajnal and Juhasz more transparent, let us note 
that T is also closed in X + x X~, because if (x, y) ^ T then x ^ y and (x, y) G [x — >>) x («— , x] 
which is an open subset of X + x X~ that does not intersect I\ 

Let 



Note that if A = then V = {r}, and |J V = f = T, hence does not cover X + x X~. Now 
let A 7^ 0. Since \A\ ^ |V| ^ |W| and X doesn't contain a countable dense subset, A cannot 
be dense in (X, <). Hence there is an open interval (a, b) G X such that (a, b) DA = 0. Since 
" < " is a dense order, there exists c G X with a < c < b. Then [c, 6) x (a, c] 7^ because 
(c, c) G [c, b) x (a, c]. We have (as in the proof that T is closed) that [c, b) x (a, c] n T = 0. 
Also, for any p G 4 we have that 

x (^-,p])n([c,6) x (a,c]) = 

since if (r, 5) G ([p, — >>) x (<<— H ([c, 6) x (a, c]) then p ^ r < b and a<s^_psoa<_p<6, 
a contradiction. 

Hence VD [c, 6) x (a, c] = 0, so we have found a nonempty open subset of X + x X~ which 
does not intersect [JV = V. Hence 1JV is not dense in X + x X~, hence X + x X~ is not 
weakly Lindelof. □ 

Let us also provide a proof of the following result, stated in |SZ10j . 

3.34 Theorem. If X is weakly Lindelof and Y is compact, then X xY is weakly- Lindelof 

Proof It is sufficient to prove this statement only in the case when U is an open cover with 
basic open sets in X x Y , i.e. without loss of generality, let U C {U x V : U G Tx, V G Ty} 
be an open cover for 1x7. Then for each x G X, the set {x} x Y is compact, and U is an 
open cover of {x} x Y . Hence U has a finite subcover {U{x, i) x V(x, i) : i — 1, . . . i.e. 

{x} x Y C |J /7(x,i) x V(x,z). 

Let W x = P| l/(a;,i). Then W = {W x : x e X} is an open cover of X, and X is weakly 
Lindelof. Hence there is a countable subfamily {W Xj : j G N} such that 



^ = U w x 



Let V = {U(xj, i) x ^(xj, i) : j e N, i = 1, . . . , n x .}. We shall prove that X xY c[jV. 
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Let (s,t) G X x y and let [/ s x be a basic open neighborhood of (s,t). Since 

^ G X C W^., there is a j G N such that U s D W Xjo 7^ 0- Then we also have that 

jeN 

U s nU(xj ,i) for i = 1, . . . , 77^. Since {x J0 } x Y C (U(xj ,i) x y(x J0 ,i)), we have 

that Y = V(xj ,i). Hence there is i ^ n XjQ such that £ G V(xj ,i ). We then have 
that C/ 5 n U(xj , io) 7^ and t G fl ^(^ J0 , io)- Hence 

(C7 a x V£) n (U(x j0 ,i ) x y(x i05 i )) 7^ 0, 

i.e. 

E^xy t n(|Jv) 7^0, 



i.e. (s,t) G |J V. Therefore 1 x 7 is weakly Lindelof. □ 

3.3 Quasi-Lindelof Spaces 

In |Arc79j . Archangelski introduced the following notion: 

3.35 Definition. A topological space is called quasi- Lindelof if every closed subspace of it 
is weakly Lindelof. 

He used this notion to generalize the result of |BGW78j that the cardinality of any normal 
first countable weakly Lindelof space is at most continuum. He proved that any regular first 
countable quasi-Lindelof space has cardinality at most continuum. The relation between 
those two results is based on the fact that every quasi-Lindelof space is weakly Lindelof and 
also the following: 

3.36 Proposition. If X is normal and weakly Lindelof then X is quasi-Lindelof 

Proof Let X be a normal weakly Lindelof space, and F be a closed subset of X. Suppose 
r is a family of open subsets of X, covering F, i.e. F C |^Jr. Set U — (Jl\ Then U is 
open and U D F. From normality of X, we have that there exists an open set V C X such 
that F C V C V C U. So, consider the following open cover of X: Ti = V U {X \ V}. 
This is indeed a cover, as F C IJ T and X \ V D X \ F. Since X is weakly Lindelof, we 

can choose a countable subfamily V C T such that ^Jp^ U X \ V — X. Now, we have 

that Fnl\F = 0: suppose the opposite, i.e. there is an x G FflI\Fc V n X \ V. 
Then x G V , which is open, and x G X \ V - which is closed. Hence, V fl X \ V ^ 0. But 
V n (X \ F) C F n (X \ F) = - a co ntradic tion. 

Therefore, F cannot be covered by X \ Y. Hence, F C U 7 Gr / 7- ^ 
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In |BGW78j it is stated that every CCC space is weakly Lindelof. Here, we prove a 
similar result: 

3.37 Theorem (PS). If X is CCC then X is quasi- Lindelof. 

Proof Suppose that X is CCC but not quasi-Lindelof. Then there exists a closed nonempty 
set F C X and an uncountable family Y = {U a : a < /?} (/? ^ uji) of non-empty open in X 
sets such that F C U a) but for any countable Y f C Y we have that F \ IJ Y' ^ 0. 

We will construct an uncountable collection of nonempty disjoint open in X sets {V 1 : 
7 < uji} ) thus contradicting CCC. 

Let V = U . Then F \ ^ (and X \ ^ 0). Hence 

Q}^F\U~ C \J{U a :a<f3,a>0} 

and therefore 

+ F \ Uo = \J{U a n(F\TT ):a<f3,a>0}. 

Thus we will have ai > 1 such that U ai fl (F \ Uo) ^ and moreover U ai (1 (X \ U ) ^ 0. 
Let Vi = U ai n(X\Uo). Then V r ^ 0, V r is open in X and Vi n V = 0. Again we have 

Q^F\U UU ai = \J{U a n(F\U UU ai y,a<P,a<£ {(W>. 

Hence there is C/ a2 G T, «i ^ {0, a?i} with C/ a2 n(F\[/ U [7" ai ) 7^ and moreover U a2 D(X\ 
U UU ai ) ^ 0. Define V 2 = U a2 n (X \ U UU ai ). Then V 2 ^ 0, V 2 is open in X and V 2 
is disjoint from Vo, Vi. Let 70 < U\ and suppose that we have already constructed a family 
{V^ : 5 < 70} of non-empty, disjoint open in X sets with V$ = U a§ fl (X \ U{U a<T : a < 5}), 
where ^ {a^ : a < 5}. Since 70 is a countable ordinal and F is not weakly Lindelof in X, 
we have that 

^ F \ U{U as : S < 70} = (J{E7 a n \ U{[/ a5 : 5 < 7o }) : a < 5, a £ {a s : S < 7o }}. 
Hence we can choose a~ n such that 



U aio n(F\U{U as :5< l0 })^(& 

and a 10 £ {as : 5 < 70}. Hence moreover 

f/ Q70 n (X \ U{U as : 5 < 70}) ^ 0- 

Define Vy = U aiQ n(X\u{U as : 5 < 70}). Then V 10 ^ 0, Vy is open in X and by construction 
Vy fl V# = for every 5 < 70. 

Thus we have constructed a family {V 1 : 7 < cji} of nonempty disjoint open in X sets, 
contradicting CCC. Hence, X is quasi-Lindelof. □ 
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We can also prove that: 

3.38 Proposition (PS). Continuous images of quasi-Lindelof spaces are quasi-Lindelof 

Proof. Let / : X —> Y be continuous, X be quasi-Lindelof, and F C X be closed. Since 
f~ 1 (F) is closed and X is quasi-Lindelof, it follows that f~ 1 (F) is weakly Lindelof. By 
Proposition 3.22 applied to : f~ l {F) ~~ ^ ^\ we have that F is weakly Lindelof. 

Hence, Y is quasi-Lindelof. □ 

3.39 Corollary. Quotient spaces of quasi-Lindelof spaces are quasi-Lindelof. 

Let us point out that the product of two quasi-Lindelof spaces need not be quasi-Lindelof: 

3.40 Example. The Hajnal and Juhasz space constructed in the previous section is such 
an example: it is not quasi-Lindelof because it is not weakly Lindelof. 



4 Conclusion 

We have outlined basic properties of Lindelof spaces and we have compared them with 
analogous properties for almost Lindelof, weakly Lindelof, and quasi-Lindelof spaces. We 
have shown that these three generalizations of Lindelofness in various cases have similar type 
of behavior as Lindelof spaces. We have provided examples where such properties fail to be 
preserved. Most, if not all of these examples, cannot be found in textbooks, but rather only 
in mathematical journals. 

In view of the present comparison, we conclude with two open questions: 

Open Question. Is the product of a quasi-Lindelof and a compact space quasi-Lindelof? 



(Let us note that such a product will be weakly Lindelof by Theorem 3.34 



Open Question. What kind of topological properties are required in order to show that 
an almost Lindelof space is quasi-Lindelof (or respectively, that an almost Lindelof space is 
weakly Lindelof)? 
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